Abstract-When a thin layer of ferrofluid is subjected to an external magnetic field, the particles clump together to form aggregates. These aggregates are approximately uniformly sized with uniform spacing. Recently, experimental results have shown how the ramping rate of the external field can change the aggregate spacing. We have developed an analytical model to predict how aggregate spacing changes as a function of ramping rate. This model is in good agreement with experimental results and provides insight into the dynamics of aggregate formation.
I. INTRODUCTION
F ERROFLUIDS are composed of very small single-domain magnetic particles dispersed in a nonmagnetic fluid. The particles are small enough that, at room temperature with no external magnetic field, Brownian motion is sufficient to keep the particles randomly dispersed throughout the fluid. The particles are coated with surfactant to prevent clumping due to van der Waals forces [1] .
In the experimental case treated in this paper, a thin layer of ferrofluid is subjected to an external magnetic field . The presence of the field causes the ferrofluid particles to clump together forming aggregates. A view normal to the plates displays a hexagonal pattern of aggregates [2] , [3] . Recent experimental work has been done to see how the ramping rate of the external field affects the spacing between the aggregates. The focus of this manuscript is to explain the experimental results for aggregate spacing as a function of ramping rate and external field from [3] .
II. BASIC ASSUMPTIONS
Experimental observations indicate that, when a field is turned on, the particles first form single-particle diameter chains. This happens within times on the order of milliseconds. Then, the chains stick together to form aggregates on time scales on order of tens of seconds [2] . Since the time scale associated with changes in the shape of an aggregate is small compared to the formation of an aggregate from chains, we treat the formation of the aggregates as a quasi-equilibrium process [1] , [4] . Thus, we will determine the spacing between the aggregates by minimizing the Helmholtz free energy of the system. This approach has been used successfully in [1] , [4] , [6] , and [7] .
The assumption of our model is that the aggregates in the hexagonal pattern are cylindrical in shape with radius and length (the spacing between the plates). With this assumption we introduce notation for the number of aggregates in the system and the spacing between aggregates where where (
Here, is the area of the glass plates, is the volume fraction of the ferrofluid, and is a packing fraction for the particles inside the aggregates. These results are purely geometrical arguments derived from our assumption of uniform size and spacing for the aggregates.
III. AGGREGATE MAGNETIZATION
To understand our model, let us look at the limiting cases of a very small and a very large ramping rate. First imagine increasing the field very slowly , from zero to some maximum value . The magnetic particles are constantly colliding with one another, but do not initially form stable chains due to the fact that the magnetic energy between particles is much smaller than the thermal energy. Eventually, a critical field is reached and the particles have enough average alignment that they begin to form stable chains. Once the particles have formed chains, the chains begin to clump together to form aggregates. Since the field essentially remains unchanged during the time required to form aggregates from chains, the aggregates are fully formed in a field of . Our assumption is that, once a chain has joined an aggregate, the magnetization is essentially determined.
To derive this magnetization, we use statistical mechanics which tell us that the angular distribution function of a collection of noninteracting dipoles in a magnetic field must be proportional to the Boltzmann factor. One can then calculate the average magnetic moment in the direction of the field using this distribution function. The result of this derivation is the Langevin equation [2] . Thus, in the limit of , the magnetization of an aggregate will be determined by the Langevin equation with given by
We express the magnetization in terms of the saturation magnetization of the ferrofluid and the radius of a ferrofluid particle since these are the quantities generally quoted for experiment. Now, imagine a scenario with a very large ramping rate . The field reaches almost instantaneously and, thus, the formation of chains, as well as aggregates, takes place in a field of . Once again, if we assume that the magnetization is locked in once a chain has joined an aggregate, the magnetization of an aggregate will be that of (2) This effective field can now be used to determine the magnetization of an aggregate.
IV. HELMHOLTZ FREE ENERGY
There are three contributions to the Helmholtz free energy that must be considered: the magnetic energy, the surface energy, and the entropy. Fig. 2 . Log of the aggregate spacing as a function of the log of the maximum value of the magnetic field. This is shown for three different values of ramping rate. Crosses show data from [3] and the other points are the results of our theoretical model. There is good agreement except for small ramping rate and large field, which is an expected discrepancy.
The configurational entropy of the system is small enough, that, when multiplied by the temperature, it is five orders of magnitude smaller than the magnetic energy of the system. Thus, the entropy of the system can be safely ignored.
In deriving the magnetic energy, we assume that the magnetization of the cylindrical aggregates is uniform and that the volume fraction is small ( for the experiment we are modeling in this manuscript), which allows us to assume that . The magnetic energy includes terms for the aggregate-aggregate interactions as well as the self-energy of an aggregate [6] , [7] . These are the terms multiplied by in the free energy given by (4) .
For the surface energy, we use the experimental results of [5] , where it was found that the surface tension goes as . Assuming that the surface tension is constant over the surface of the aggregate, the surface energy can be derived as the final term in (4) . Using these assumptions, we can derive a free energy with the following form:
The magnetization of an aggregate is given by (5) and is given by (3) . is a parameter that determines the strength of the surface tension.
V. RESULTS
Figs. 1 and 2 show the results of our model. In both figures, all parameter values with the exception of and were obtained from the experimental parameters given in [3] . Both and were treated as free parameters, although it should be noted that is not totally free as it must be in a reasonable range for the experiment. The values with the error bars are data from [3] and the other points on the graph are results of our model. Note that our results are in excellent agreement except for the case of Oe/s as becomes large. In [8] , it was found that for very small and , the aggregates will initially form in a field that is much smaller than . Then, as the field continues to increase the aggregates will break apart forming smaller aggregates. This splitting is not allowed in our model and may explain the discrepancy in our results.
VI. CONCLUSION
We have derived a model for the aggregate spacing as a function of the ramping rate and external magnetic field that is in good agreement with experiment. This is the first time, to our knowledge, that a theoretical approach has been developed to include the effect of ramping rate on the aggregate spacing.
